Abstract. We prove that any connected proper Dupin hypersurface in R n is analytic algebraic and is an open subset of a connected component of an irreducible algebraic set. We prove the same result for any connected Dupin hypersurface in R n that satisfies a finiteness condition. Hence any taut submanifold of R n , whose unit normal bundle satisfies the finiteness condition, is analytic algebraic and is a connected component of an irreducible algebraic set.
Introduction
In the 1980 paper [8] , H.-F. Münzner proved that a connected isoparametric hypersurface M in a sphere S n ⊂ R n+1 is algebraic in the sense that M is contained in a level set of the restriction to S n of a homogeneous polynomial on R n+1 . If M is compact, then M is equal to this level set. In this paper, we generalize this result and show that a connected proper Dupin hypersurface M in R n is analytic algebraic and is an open subset of a connected component of an irreducible algebraic set in R n . If M is complete, then it equals this connected component. We obtain a similar result for proper Dupin hypersurfaces in S n via stereographic projection.
Let M be an immersed hypersurface in Euclidean space R n or the unit sphere S n ∈ R n+1 . A curvature surface of M is a smooth connected submanifold S such that for each point x ∈ S, the tangent space T x S is equal to a principal space of the shape operator A of M at x. The hypersurface M is said to be Dupin if it satisfies the condition (a) along each curvature surface, the corresponding principal curvature is constant. The hypersurface M is called proper Dupin if, in addition to condition (a), it also satisfies the condition (b) the number g of distinct principal curvatures is constant on M.
Since both of these conditions are invariant under conformal transformations, stereographic projection allows us to consider our hypersurfaces in R n or S n , whichever is more convenient. The main result in this paper, contained in Theorem 31 and Corollary 32, is a proof that any connected proper Dupin hypersurface M in R n is analytic algebraic and thus an open subset of a connected component of an irreducible algebraic set of R n . If M is complete, then it equals the connected component.
This result is extended to Dupin hypersurfaces that satisfy what we call the finiteness property (see Definition 34), a condition satisfied by all known examples.
Our results give a partial solution to a question posed by N. Kuiper in [6] , now called Kuiper's Conjecture, Are there taut submanifolds which are not real algebraic?
Recall that an immersed submanifold M m of R n (or of S n ) is taut if there is a field F such that for each point p ∈ R n , the distance function
has the following properties (see [3] ) (a) For each r ≥ 0, the set M r (L p ) = L Every taut submanifold in R n is Dupin (Miyaoka [7] for hypersurfaces and Pinkall [12] in general). The tube M ǫ of radius ǫ around an embedded compact submanifold M m of R n is Z 2 -taut if and only if M is Z 2 -taut (( [12] ). If f : M m → S n is a submanifold with unit normal bundle UN(M) and if US n denotes the unit tangent bundle of S n , then its Legendre lift is the map UN(M) → US n that sends the unit normal vector ξ of M at x to the unit tangent vector ξ of S n at f (x). Denote the Legendre lift by (f, ξ). In [11] , Pinkall defined the notion of Dupin Legendre lift and showed that a tube around a submanifold f : M m → S n is Dupin if and only if its Legendre lift is Dupin. In Theorem 37 we prove: If M m ⊂ S n is a taut submanifold whose Legendre lift, which is Dupin, satisfies the finiteness condition, then M ⊂ S n is analytic algebraic and, being a proper embedding and thus complete, is a connected component of an irreducible algebraic variety. The proof of this theorem shows that the conclusion holds for any analytic taut submanifold.
The paper is organized as follows. The first section outlines the facts needed about algebraic and semi-algebraic subsets of R n and explains that Nash functions are the same as analytic algebraic functions. Our principal algebraic tool is contained in Lemma 17, which states that if a connected analytic submanifold M m ⊂ R n contains a connected open subset that is a semi-algebraic subset of R n , then M is an open subset of a connected component of an irreducible algebraic set.
The second section outlines how to calculate the center and radius of a spherical curvature surface, in terms of the mean curvature normal.
The third section outlines the facts needed about jet spaces and shows that the curvature surface through a point for a principal curvature of constant multiplicity of a hypersurface is determined by the 3-jet at the point of the embedding.
The fourth section presents a proof of our main results. The final section presents the finiteness condition and extends the main results to any connected Dupin hypersurface possessing this finiteness condition.
We wish to thank Ulrich Pinkall for permission to use a sketch [10] of a proof of Kuiper's Conjecture he sent in 1984 to Tom Cecil. This sketch led us to the parametrization (5.10). We then used ideas from real algebraic geometry to obtain the algebraic conclusion that the submanifold is contained in the connected component of an irreducible algebraic subset.
Algebraic Preliminaries
In this section we briefly review the material we need in real algebraic geometry, referring for details to the book by Bochnak, et al. [1] .
Let R[X 1 , . . . , X n ] denote the ring of all real polynomials in n variables. If B is any subset of this ring, we denote the set of zeros of B by Z(B) = {x ∈ R n : ∀f ∈ B f (x) = 0} Definition 1. An algebraic subset of R n is the set of zeros of some
Given any subset S of R n , the set of all polynomials vanishing on S, denoted
is an ideal of R[X 1 , . . . , X n ]. Ideals of the ring of real polynomials are finitely generated, which implies that for any algebraic set V of R n , there exists a polynomial f ∈ R[X 1 , . . . , X n ] such that V = Z(f ). In
Definition 2. A semi-algebraic subset of R n is one which is a finite union of sets of the form
where * is either < or =, F j ∈ R[X 1 , . . . , X n ], and the intersection is finite. (F j < 0 is just −F j > 0. So there is no need to introduce > in the definition.)
All algebraic sets are certainly semi-algebraic, and R n itself is given by the null relation. Another simple example popular in Calculus is
the area enclosed by the two parabolas. It follows from the definition that the complement of a semi-algebraic set is semi-algebraic, and hence a semi-algebraic set take away another semi-algebraic set leaves a semi-algebraic set.
The following result is proved in [1, Theorem 2.21, p. 26].
Proposition 3. The projection π : R n → R k sending x ∈ R n to its first k coordinates maps a semi-algebraic set to a semi-algebraic set.
In particular, even though a linear projection does not map an algebraic set to an algebraic set, in general, it does map it to a semialgebraic set. A proof is given in [1, Proposition 2.2.2, p. 27].
Corollary 6. The image of a semi-algebraic map f :
where the last map is the projection onto the second summand.
Definition 7.
A Nash function is a C ∞ semi-algebraic map from an open semi-algebraic subset of R n to R.
where a 0 (x) = 0, a 1 (x), · · · , a s (x) are polynomials over R n .
A significant result in the subject is that these two concepts are equivalent (see [1, Proposition 8.1.8, p . 165]).
Proposition 9.
A function is Nash if and only if it is analytic algebraic.
Example 10. For any number ǫ satisfying 0 < ǫ < 1, the open ball
is an open semi-algebraic subset of R n . The function 
where a k (s) is a polynomial on R n and m is a positive integer. Therefore,
is an equation of the form (2.1), since (s 0 ) 2 is a polynomial on R n .
A slight generalization of the single-variable case in [1, Proposition 2.9.1, p. 54], shows that the partial derivatives of any Nash function are again Nash functions.
Proposition 11. Let f be a Nash function defined on a connected open semi-algebraic open set U in R n . Then a partial derivative of f of any order with respect to x := (x 1 , · · · , x n ) ∈ R n is again a Nash function on U.
Definition 12. Let S be a semi-algebraic subset of R n . The dimension of S, denoted dim (S), is the dimension of the ring R = R[x 1 , · · · , x n ]/I(S), which is the maximal length of chains of prime ideals of R.
In [1, Proposition 2.8.14, p. 54] it is proved that
We denote the topological closure of S by S top . Denote the Zariski closure of S by S zar . It is the smallest algebraic set containing S, so
The following plays a central role in our arguments to follow (see [ 
The following facts are in [1, Theorem 2.8.3, p. 50]: Every algebraic set V is the union, in a unique way, of a finite number of irreducible algebraic sets
An algebraic set V ⊂ R n is irreducible if and only if the ideal I(V ) is prime.
Remark 16. Let X be an irreducible real algebraic set in R n . By [5] , X can be successively blown up to reach its desingularization X * . Let π : X * → X be the projection. Then the proper transform of X in X * , that is, the Zariski closure of the preimage of X with its singular set removed, is a smooth algebraic set with disjoint smooth connected (algebraic) components X * s , whose projections in X are called the connected components of X. We will show these connected components are semi-algebraic as follows.
s are exactly the irreducible components of the proper transform of X under π. The morphism π is algebraic. Hence it maps the algebraic sets X * i to the connected components of X, which are therefore semi-algebraic. Note that the proper transform itself is not affine, but we can always cover it by a finite number of affine charts and then proceed with our arguments in each chart and take a finite union.
That the connected components of X are closed follows from the fact that π is a proper map.
A real irreducible algebraic set may have several connected components of varying dimensions. A good example is a degenerate torus given by
The solution set is irreducible since the polynomial is. This irreducible algebraic set consists of two connected components. One is the curve that opens toward positive infinity, with vertex at (1, 0). The other is {(0, 0)}. The name connected component is standard in real algebraic geometry, but we should realize that these are not always the connected components in the topological sense. For example, the irreducible algebraic set known as the Cartan umbrella
is topologically connected, but has two connected components: the surface z = x 3 /(x 2 + y 2 ) (including the origin) and the z-axis. If an irreducible algebraic set X in R n contains a connected analytic hypersurface M in R n , then M must be an open subset of one of the connected components of X. If M is closed, then it must be the whole connected component.
We can now prove our principal algebraic tool. Proof. The Zariski closure U zar of U is irreducible, because I(U zar ) = I(U) is a prime ideal. In fact, suppose f and g are polynomials such that f g ∈ I(U). If f / ∈ I(U), then there exists a point p ∈ U such that f (p) = 0. By continuity, there exists an open subset O of U, containing p, on which f is never zero. But f g is identically zero on O, so g must be identically zero on O. Since O is an open subset of U, and since g is an analytic function on U, it follows that g is identically zero on the connected set U, that is, g ∈ I(U).
By the same sort of argument, if f ∈ I(U), then f is an analytic function on M, identically zero on the open subset U, so must be identically zero on M. Hence M ⊂ Z(I(U)) = U zar .
Definition 18. A semi-algebraic subset N of R m is a Nash submanifold of R m of dimension n if for every point p of N, there exists a Nash diffeomorphism ψ from an open semi-algebraic neighborhood U of the origin in
Here, by a Nash diffeomorphism we mean the coordinate functions of it and its inverse are Nash functions.
Definition 19. Let N be a Nash submanifold of R m . A mapping f : M → R is a Nash mapping if it is semi-algebraic, and for every ψ in the preceding definition, f • ψ| R n ∩U is a Nash function.
Semi-algebraic subsets of R n are, in a sense, piecewise algebraically analytic. This is made precise in the following result (see [1, Proposition 2.9.0, p. 57]).
Proposition 20. Let S be a semi-algebraic subset of R n . Then S is the disjoint union of a finite number of Nash submanifolds
The following lemma is a kind of converse to Lemma 17, in that it implies that if a
Proof. By Proposition 20, X is the finite disjoint union of Nash submanifolds, each Nash diffeomorphic to an open cube of some dimension. Let N 1 , . . . , N k be those Nash submanifolds of dimension d that intersect U. There are such Nash submanifolds, for otherwise, U would be contained in a finite union of Nash submanifolds of smaller dimensions. Let Y be the topological closure of the union of
U is contained in Y , for otherwise, there would be a point z ∈ U that is not in Y , so that z stays some distance away from Y . Therefore, there would be a small open ball D around z in U disjoint from Y , which would imply that D is contained in Nash manifolds of smaller dimensions, because Y contains all the Nash submanifolds of dimension d not disjoint from U. This is absurd.
The part Y * where Y is not in U is closed. Since p ∈ U, there is a nonzero shortest distance δ from p to Y * . Choose a Euclidean ball B of radius δ ′ < δ centered at p such that B ∩ U is a submanifold of R n diffeomorphic to a cube of dimension d, which is possible since U is a submanifold of R n . We claim that
* , so that the distance from p to w would be > δ ′ and so w would not be in B, a contradiction. Hence, w ∈ B ∩ U, proving the claim. Now that B ∩ U = B ∩ Y , we see that B ∩ U on the one hand is diffeomorphic to an open cube of dimension d contained in U, and on the other hand it is semi-algebraic since so are B and Y .
Mean curvature normal
Definition 22. Following Cecil-Ryan [4, p. 140], we say that a submanifold x : V m → R n , for any m < n, is umbilic if there exists a linear map
Let x, e i , e α be a first order frame field on an open set U ⊂ V along x, which means that the vector fields e i , for i = 1, . . . , m, are tangent to x(V ) and the e α , for α = m + 1, . . . , n, are normal to x(V ) at each point of U. Then 
A normal vector is given by Z = α z α e α , so
Definition 23. The mean curvature normal vector field of x is the normal vector field on V
which is independent of the choice of orthonormal frame e α in the normal bundle.
We see that x is umbilic if and only if B eα = h α I, for some function h α , for all α; that is, ω
for all i, α. When x is umbilic, then the mean curvature normal is
multiplicity m on U, then κ is smooth on U, as is its m-dimensional principal distribution T κ of eigenvectors of A corresponding to the eigenvalue κ (see Nomizu [9] or Singley [14] ). Furthermore, T κ is integrable and we will refer to T κ as the principal foliation corresponding to the principal curvature κ. We shall need an explicit formula for the mean curvature vector H of V in Proposition 24. Let x, e i , e α , e n be a first order frame field along x, for which e n is a unit normal vector field, each vector field e i ∈ T κ , where i = 1, . . . , m, and each vector field e α ∈ T ⊥ κ ⊂ T x M, where α = m + 1, . . . , n − 1. Then dx = i θ i e i + α θ α e α and de n = n−1 a=1 ω a n e a and the shape operator B en :
B en e i = κe i , for all i, and B en e α ∈ span {e β }, for all α, since B en is self-adjoint. But 
Jets
Definition 25. Smooth maps f, g : M m → N n have the same k-jet at p ∈ M means f (p) = g(p) = q, and for any smooth curve γ : R → M such that γ(0) = p and any smooth function F : N → R such that F (q) = 0, the derivatives
for all j ≤ k. This defines an equivalence relation on the set of smooth maps 
for each whole number k. This space has a natural C ∞ structure with
Lemma 27. For any f ∈ C ∞ (M, N), and p ∈ M, the jet j
Proof. Local coordinates in M and N determine local coordinates in J l (M, N) (see [2] ), and these give the local expression
is given by the first k partial derivatives of these component functions at p, which are, ignoring redundancies, the first k + l partial derivatives of f at p.
It seems justified to abuse notation to express this lemma as
for any f ∈ C ∞ (M, N), and p ∈ M.
Remark 28. Let y : V m → R n be an immersed submanfold. Any first order frame field (4.9)
y, e i , e α along y, where e i are tangent, i = 1, . . . , m, and e α are normal, α = m + 1, . . . n, is determined by the 1-jet j ji are determined by the 2-jet of y at each point. Hence, the shape operators (3.4) are determined by the 2-jet of y at each point, and thus the shape operator B Z is determined by the 2-jet of y, for any normal vector Z = α z α e α . In terms of our first order frame field (4.9) on U ⊂ V , the characteristic polynomial of the shape operator B eα of (3.4) is (4.12)
is the m × m symmetric matrix defined in (4.11). Thus, F (p, z) is a polynomial function of h α ij (p) and z, and is determined by the 2-jet of y. The eigenvalues of B eα are necessarily real, so can be arranged as Suppose now that x : M n−1 → R n is a hypersurface, so that we can drop the superscript α in the above notation. Suppose that κ is a principal curvature of constant multiplicity m on U ⊂ M. Then the functions c αβ in (3.8) and c αβ of (3.9) depend rationally on the 2-jet of x at each point and the normal derivatives dκ(e α ) = κ α depend rationally on the 3-jet of x at each point. Therefore, the vector H in (3.11) depends rationally on the 3-jet of x at each point.
Proper Dupin hypersurfaces are algebraic
We are ready to prove that a proper Dupin hypersurface f : M n−1 → R n is analytic algebraic in the sense that its differentiable structure has an analytic subatlas with respect to which the immersion into R n is analytic algebraic. It follows that each point of M is contained in an open neighborhood of M that is a semi-algebraic subset of R n . From the analyticity and the semi-algebraic neighborhood we can conclude 
where
The vectors c i (p), f (p), and e a (p), for all a ∈ {i}, are determined by j
The proof is contained in Example 10, which shows that the map x(s i ) in (5.3) is algebraic analytic. This lemma is essentally showing that a sphere of any radius, dimension, and center in R n is a Nash submanifold (see [1, Definition 2.9.9, p. 57]).
Since the map x(s i ) in (5.3) is an embedding, there exists an embedding
bedded submanifold through y(0) = p transverse to the i th curvature surface through each of its points. Let c i (y) be the center of the i th curvature surface through f (y). Let e j , j = 1, . . . , n − 1, be a smooth orthonormal frame field of principal vectors on a neighborhood of p.
is a parametrization of a neighborhood of the i th curvature surface through f (y). Thus, for ǫ i and δ sufficiently small, (x i , y) is a parametrization of a neighborhood of p in M. From (5.5) we see that the partial derivatives of f with respect to the s i variables at (s i , y) depend on j 
Theorem 31. For any point p ∈ M, there exists an analytic algebraic parametrization of a neighborhood of f (p) in f (M) ⊂ R n , where analytic algebraic means that the component functions are analytic algebraic. This collection of analytic algebraic parametrizations defines an analytic structure on M with respect to which f is analytic. In addition, it shows that any point p ∈ M has an open neighborhood U ⊂ M such that f (U) is a semi-algebraic subset of R n .
Proof. The idea is to iterate parametrizations along curvature surfaces, starting with the first. Choose a point p ∈ M. Setting i = 1 in equation (5.3), we get an analytic algebraic parametrization of a neighborhood of f (p) of the first curvature surface through p. For each s 1 , parametrize a neighborhood of the second curvature surface through f (s 1 ) by
where c 2 (s 1 ), f (s 1 ), and e b (s 1 ), b ∈ {2}, are determined by j 3 s 1 (f ), which in turn depends analytically algebraically on s 1 and j Proof. By the theorem, for any point p ∈ M, there is an open neighborhood U ⊂ M of the point that is a semi-algebraic subset of R n . The result now follows from Lemma 17.
A slightly more general result holds that we shall apply to Dupin hypersurfaces. Proof. An open subset of M is open in N.
Kuiper's Conjecture
As observed in the Introduction, Kuiper's Conjecture would be proved if we could prove that any connected Dupin hypersurface in R n is algebraic.
A connected Dupin hypersurface N in R n has an open dense subset M each connected component of which is proper Dupin. In fact, M is the set on which the multiplicities are locally constant ( [14] ). Decompose M into its at most countably many disjoint connected components M 1 , M 2 , M 3 , · · · . By Corollary 33, if the Dupin hypersurface N were an analytic submanifold of R n , then, since it contains the connected proper Dupin hypersurface M 1 , it would be contained in an irreducible algebraic set of dimension n − 1. Hence, our goal is to prove that N is an analytic hypersurface of R n . Let M c denote the complement of M in N. It is the set of non-proper Dupin points. For any point p ∈ M c , and any sequence of points (p i ) in M that converges to p, the number of distinct principal curvatures g satisfies lim(g(p i )) > g(p).
Definition 34. A connected Dupin hypersurface N of R n has the local finiteness property if there is a subset S ⊂ M c , closed in N, such that S does not disconnect N and, for any point p ∈ M c not in S, there is an open neighborhood W of p in N such that W ∩ M has only a finite number of connected components. We call S the set of bad points in M c .
For instance, if M c is a finite union of compact submanifolds, or more generally, is a locally finite CW complex, then N has the local finiteness property. An example with nonempty S is a set M c that consists of the boundaries of an infinite nested sequence T 1 , T 2 , . . . , of open neighborhoods, with the closure of T n+1 properly contained in T n , such that the intersection S = ∩ n T n is a submanifold of codimension ≥ 2 in N.
Theorem 35. Let N be a connected Dupin hypersurface in R n . If N has the local finiteness property, then it is an analytic submanfold of R n , and is therefore contained in a connected component of dimension n − 1 of an irreducible algebraic set. 
which is semi-algebraic, sends B to D, we see D is a semi-algebraic subset of R n−1 . Thus, the map h is semi-algebraic, because its graph
is a semi-algebraic subset of R n−1 . Therefore, h is a Nash function and so it must be analytic algebraic as noted in Proposition 9 and the map
is an analytic algebraic parametrization of the open neighborhood B ⊂ N about p. Since p ∈ M c was arbitrary, and since every point of M has an analytic algebraic parametrization by Theorem 31, it follows that N \ S is an analytic submanifold of R n . Since N \ S is connected and contains an open subset that is a semi-algebraic subset of R n , it follows that N \ S is contained in an irreducible algebraic set C. Then N is contained in the topological closure of N \ S which in turn must be contained in the closed set C. Now let q be any point in S and consider N itself as an open neighborhood about q. Then N is a C ∞ manifold contained in the semi-algebraic set C. Apply the above argument to conclude that some open neighborhood of q in N is the image of an analytic algebraic parametrization.
Hence, every point of N has an analytic parametrization, and N is an analytic hypersurface of R n .
Question 36. Is the local finiteness property true for any connected Dupin hypersurface in R n ?
If the answer is yes, then we could resolve Kuiper's conjecture for taut submanifolds of R n . As it is, we have the following.
Theorem 37. If M m is a taut submanifold of R n , respectively S n , and if its Legendre lift, which is Dupin, satisfies the finiteness condition, then M is an analytic submanifold and a connected component of an irreducible algebraic subset of R n , respectively R n+1 .
Proof. Consider a taut submanifold f : M m → S n , where n − m ≥ 1. A taut submanifold of S n must be compact. Let
denote its Legendre lift into the unit tangent bundle of S n , where UN(M) is the unit normal bundle of M. The unit tangent bundle
, and we let
denote the point sphere map projection. Pinkall [12] proved that if f : M m → S n is taut, then it is Dupin, and in [11] he proved that the Legendre lift of a Dupin submanifold is Dupin. In addition, he proved that for any point (x, ξ) ∈ UN(M), there exists an open connected neighborhood U ⊂ UN(M) of (x, ξ) and a Lie sphere transformation A such that π restricted to AF (U) is an immersion into S n . Its image V n−1 is a connected Dupin hypersurface of S n . By hypothesis, the Legendre lift (6.1) satisfies the finiteness condition, and therefore any connected open subset of it, such as F (U), satisfies the finiteness condition, and thus AF (U) satisfies the finiteness condition. Since π maps the dense open subset of AF (U) on which AF (U) is proper Dupin onto the dense open subset of V on which V is proper Dupin, it follows that V satisfies the finiteness condition. Stereographic projection sends it to a connected Dupin hypersurface in R n that satisfies the finiteness condition. By Theorem 35, this connected Dupin hypersurface in R n is analytic algebraic. Since stereographic projection and its inverse are analytic algebraic, we conclude that V is an analytic algebraic hypersurface of S n . We may assume that V is parametrized by the analytic algebraic map h : B → R n+1 , where B is an open ball in R n−1 . An orthonormal frame field h, e 1 , . . . , e n can be constructed along h, where e 1 , . . . , e n−1 are tangent to V and e n is normal (but tangent to S n ), such that these maps are all analytic algebraic (by Proposition 11 and the algebraic nature of the Gram-Schmidt process). Then AF (U) is the image of the analytic algebraic map B → R n+1 given by (h, e n ), and therefore AF (U) is analytic and a semi-algebraic subset of R n+1 by Corollary 6. A Lie sphere transformation is a Nash diffeomorphism of the Nash manifold US n , and thus U must be analytic and a semi-algebraic subset of R n+1 . Hence, every point of the Legendre lift of f : M → S n has an analytic open neighborhood that is also a semi-algebraic subset of R n+1 . This proves that the Legendre lift (6.1) is analytic, and then Lemma 17 and the fact that f (M) is compact, imply that f (M) is a connected component of an irreducible algebraic subset of R n+1 . Consider a taut submanifold f : M m → R n . Then M is not necessarily compact, but f must be a proper embedding, and tautness implies that f is Dupin, which means that the Legendre lift of f is Dupin. Stereographic projection S from a point p ∈ S n to R n is a Nash diffeomorphism. Being a conformal transformation, its inverse sends Dupin submanifolds to Dupin submanifolds, so S −1 • f : M m → S n is a Dupin submanifold, and therefore, by what has been proved above, it is analytic algebraic. But then f = S • S −1 • f : M → R n is analytic algebraic and any point of its image has an open neighborhood that is a semi-algebraic subset of R n . Furthermore, f being proper implies that it is complete, and so again Lemma 17 implies that f (M) is a connected component of an irreducible algebraic subset of R n .
The preceding proof uses the finiteness condition to prove that f : M m → S n is analytic. If we assume this condition, then we obtain the same conclusion as follows.
Corollary 38. If M m is an analytic taut submanifold of R n , respectively S n , then M is a connected component of an irreducible algebraic subset of R n , respectively R n+1 .
